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We have constructed a quasiclassical framework on superconductors with strong spin-orbit cou-
plings, applicable to CuxBi2Se3[Y. Nagai, H. Nakamura, and M. Machida: arXiv:1305.3025]. The
notable point is that in this framework the Bogoliubov-de Gennes Hamiltonians with suggested odd-
parity pairing states turn to quasiclassical ones with usual spin-triplet Cooper pairs. Using this quasi-
classical theory, we can investigate inhomogeneity effects such as the phenomena with vortices and
surfaces in this superconductors and shed light on the pairing state of topological superconductors.
In this paper, we apply the quasiclassical framework to the surface bound states with the Dirac-cone
energy dispersion originated from the topological invariant in the parent compound Bi2Se3 in order
to investigate the robustness of these bound states under the superconducting order parameter. The
odd-parity gap functions can not open on the Dirac-cone-dispersion band in the Cu-doped Bi2Se3
superconductor. We show that the massless Dirac quasiparticles originated from the normal-state
topological invariant and the Majorana quasiparticles coexist with each other on the surface in the
odd-parity topological superconductivity. Inhomogeneity effects can be easily investigated with the
use of our quasiclassical framework in topological superconductors.
KEYWORDS: Topological superconductors, Dirac quasiparticles, Quasiclassical framework
1. Introduction
The discovery of topological superconductors has attracted much attention because of new topo-
logically non-trivial states of condensed matters. Experimentalists have intensively explored evidence
of the topological superconductivity by various tools, and theorists have debated theoretical frame-
work to describe their various non-trivial superconducting properties [1–11]. Recently, we have con-
structed a convenient quasiclassical framework for the topological superconductivity characterized
by strong spin-orbit coupling and clarified its theoretical correspondence to the spin-triplet supercon-
ductivity without the spin-orbit coupling [12].
The topological insulator Bi2Se3 becomes a superconductor with the Cu-doping, and CuxBi2Se3
has been regarded as a key compound for the investigation of non-trivial topological superconductiv-
ity [13–18]. According to the result of the angular photoemission experiment [14], there are surface
bound states originated from the normal-state topological invariant even in the doping material as
shown in Fig. 1. In this paper, we apply the quasiclassical framework to the surface bound states with
the Dirac-cone energy dispersion originated from the topological invariant in the parent compound
Bi2Se3 in order to investigate the robustness of these bound states under the superconducting order
parameter. With the use of our surface quasiclassical theory, the 8 × 8 matrix Dirac Bogoliubov-
de Gennes (BdG) equations in the three-dimensional space become 2 × 2 matrix ones in the two-
dimensional space.
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Fig. 1. Schematic diagram of the dispersion relations of the surface bound states in the topological insulator
and the topological superconductor. ∆eff denotes the superconducting gap on the bulk band and ∆sur denotes
that on the surface band.
2. Dirac-type Hamiltonian
Now, let us begin with the massive Dirac type BdG Hamiltonian on the topological superconduc-
tivity expressed as [17, 18]
H =
∫
dr
(
¯ψ(r) ¯ψc(r)
) ( ˆH−(r) ∆−(r)
∆+(r) ˆH+(r)
) (
ψ(r)
ψc(r)
)
, (1)
where
ˆH±(r) = M0 − i∂xγ1 − i∂yγ2 − i∂zγ3 ± µγ0. (2)
Here, γi is a 4×4 Dirac gamma matrix, which can be described as γ0 = σˆz⊗1, γi=1,2,3 = iσˆy⊗ sˆi, and
γ5 = σˆx ⊗ 1 with 2× 2 Pauli matrices σˆi in the orbital space and sˆi in the spin space, ψ(r) is the Dirac
spinor, ¯ψ(r) ≡ ψ†(r)γ0, ¯ψc(r) ≡ ψ†cγ0, and ψc ≡ C ¯ψT , where C(≡ iγ2γ0) is the representative matrix of
charge conjugation. ∆− is the gap function and ∆+ ≡ γ0(∆−)†γ0. Considering only the on-site pairing
interaction, the possible gap form is reduced into six types of functions as seen in Table I of Ref. [17].
These gap functions are classified into scalar, pseudo-scalar, and polar vector (four-vector) associated
with the Lorentz transformation,
∆− = ∆0, ∆0γ5, ∆0/αγ5, (3)
where, ∆0 is a scalar magnitude of the gap functions, the Feynman slash /α is defined by
∑
µ γ
µαµ, and
the gap function including /α is characterized as a unit four-vector αµ. From the Hamiltonian Eq. (1),
the correspondent 8 × 8 BdG equations are given as(
ˆh0(r) − µ ˆ∆(r)
ˆ∆†(r) ˆh0(r) + µ
) (
u(r)
uc(r)
)
= E
(
u(r)
uc(r)
)
, (4)
where γ0 ˆH± = ˆh0 ±µ, and ˆ∆ = γ0∆−. Note that v in the conventional Nambu eigen-state form, (u, v)T
is related to uc as v ≡ iγ2uc.
3. Surface bound states in normal states
3.1 Surface bound states at the Γ-point
Topological insulators have gapless quasiparticle states at a surface. We consider the surface
perpendicular to z-axis and the material fills the region of z > 0. The boundary condition is given by
2
u(z = 0) = uc(z = 0) = 0. Assuming the translational symmetry along x and y, the Dirac Hamiltonian
(4) is expressed as
[
H0(kx, ky,−i∂z) + H1(kx, ky)
]
u(kx, ky, z) = [E + µ]u(kx, ky, z), (5)
where H0(kx, ky,−i∂z) ≡ M(kx, ky,−i∂z)γ0 − i∂zγ0γ3 and H1(kx, ky) ≡ γ0(kxγ1 + kyγ2). The equation
for uc is solved by substituting µ→ −µ into the above equation. In the case of E = −µ, the eigenvalue
equation with respect to H0 becomes[
M(kx, ky, λi) + σλi
]
ψi = 0, (6)
where ψi is the ith eigenvectors of γ3 with the eigenvalue ǫi = iσ with σ = ±1 expressed as
ǫ1 = i ,ψT1 = (1/
√
2)
(
0 i 0 1
)
, (7)
ǫ2 = i ,ψT2 = (1/
√
2)
(
−i 0 1 0
)
, (8)
ǫ3 = −i ,ψT3 = (1/
√
2)
(
0 −i 0 1
)
, (9)
ǫ4 = −i ,ψT4 = (1/
√
2)
(
i 0 1 0
)
. (10)
Here, we assume u(z) = ∑4i=1 ci exp[λiz]ψi. λi dependence of M(kx, ky, λi) determines the existence
condition of the bound states, since the surface bound states exist only if Reλ > 0 under the condition
limz→∞ u(z) = 0. If M(k) = M0(kx, ky) + M1k2z , we have λi = (σ ±
√
1 + 4M0M1)/(2M1) and the
surface bound state exists when M0M1 < 0. Then, the general solution with respect to H0 with
M1 < 0 and E = −µ becomes
u(kx, kyz, E = −µ) = 1√
A
2∑
i=1
cie
z
2M1 sinh (Kz)ψi, (11)
where K = (√1 + 4M0M1)(2M1) with A =
∫ ∞
0 dz exp(z/M1)| sinh(Kz)|2.
3.2 Surface bound states with the rotational symmetry
We can obtain the eigenvector with respect to H0+H1 at E , −µ with the use of the above general
solution with respect to H0. By substituting the above solution into Eq. (5), the eigenvalue equations
become (
0 −ik+
ik− 0
) (
c1
c2
)
= E′
(
c1
c2
)
, (12)
with k± ≡ kx ± iky and E′ ≡ E + µ. Therefore, we obtain the surface-bound states expressed as
uN(kx, ky, r, E′) = 1√
2A
eik⊥ ·r⊥e
z
2M1 sinh (Kz)
[
ψ1 + ie−iφ sgn(E′)ψ2
]
, (13)
with k⊥ = (kx, ky) =
√
k2x + k2y (cos φ, sin φ) and r⊥ = (x, y).
3.3 Surface bound states with the six-fold rotational symmetry
Considering the Hamiltonian for Bi2Se3 on the triangular lattice [13,18], the eigenvalue equations
become (
0 −iP+(kx, ky)
iP−(kx, ky) 0
) (
c1
c2
)
= E′
(
c1
c2
)
, (14)
3
with
P±(kx, ky) ≡ P1(kx, ky) ± iP2(kx, ky), (15)
P1(kx, ky) ≡ 23
√
3 sin

√
3
2
kx
 cos
(ky
2
)
, (16)
P2(kx, ky) ≡ 23
cos

√
3
2
kx
 sin
(ky
2
)
+ sin
(
ky
) . (17)
Therefore, we obtain the surface-bound states on the triangular lattice expressed as
uNtri(kx, ky, r, E′) =
1√
2A
eik⊥ ·r⊥e
z
2M1 sinh (Kz)
[
ψ1 + ie−iΦ(kx ,ky) sgn(E′)ψ2
]
, (18)
with
e−iΦ(kx ,ky) ≡ P1(kx, ky) − iP2(kx, ky)√
P1(kx, ky)2 + P2(kx, ky)2
. (19)
4. Surface quasiclassical theory
The quasiclassical theory is founded on an assumption that the coherence length ξ is much longer
than the Fermi wave length 1/kF (ξkF ≫ 1) [19]. The assumption is valid, when the order parameter
amplitude |∆0| is much smaller than the Fermi energy EF (|∆0|/EF ≪ 1), and the condition is fully
fulfilled in BCS weak-coupling superconductivity. In this theory, the wave function is expressed by a
product of the fast oscillating one characterized by the Fermi momentum pF and the slowly varying
one by the coherence length ξ, and the quasiclassical solution of the BdG equations is given as(
u(r)
uc(r)
)
∼
(
uN(r, kF⊥) f (r⊥, kF⊥)
uNc (r, kF⊥)g(r⊥, kF⊥)
)
, (20)
where uN, uNc are normal-state eigenvectors at the Fermi level expressed as,
ˆh0(r)uN(r, kF⊥) = µuN(r, kF⊥), (21)
ˆh0(r)uNc (r, kF⊥) = −µuNc (r, kF⊥). (22)
Here, the chemical potential is supposed to be larger than the mass (µ > M0). As shown in Ref. 12,
there are two solutions in a bulk. On the other hand, there is an only one solution at a surface as shown
in Eq. (13). The eigenvectors are given as
uN(r, kF⊥) = uN(kFx, kFy, r, µ), (23)
uNc (r, kF⊥) = uN(kFx, kFy, r,−µ). (24)
With the use of the above wave function, we reach 2 × 2 matrix eigenvalue problem with respect to
two functions ( f1, g1) from 8 × 8 BdG equations. The diagonal term is converted as∫ ∞
0
dzuN(r, kF⊥)†(ˆh0 − µ)uN(r, kF⊥) f = −ivF⊥ · ∇⊥ f , (25)
with vF ≡ (cos φ, sin φ) and ∇⊥ ≡ (∂x, ∂y). Thus, we have effective two-dimensional 2 × 2 quasiclas-
sical BdG equations represented as( −ivF⊥ · ∇⊥ ∆sur(r⊥, kF⊥)
∆sur(r⊥, kF⊥)∗ ivF⊥ · ∇⊥
) ( f (r⊥, kF⊥)
g(r⊥, kF⊥)
)
= E
( f (r⊥, kF⊥)
g(r⊥, kF⊥)
)
. (26)
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Table I. The correspondence between the original BdG gap functions ˆ∆−, the effective ones ˆ∆eff(pF) and the
surface effective ones ∆sur(kF⊥) in quasiclassical theory. “P-scalar” denotes a pseudo scalar whose parity is odd
and “i-polar” denotes a polar vector pointing the i direction in four dimensional space.
ˆ∆− Parity ˆ∆eff(pF) ∆sur(kF⊥)
Scalar γ5 + singlet 1
t-polar γ0γ5 + singlet 0
P-scalar 1 − triplet: d = (vx, vy, vz) 0
x-polar γ1γ5 − triplet: d = (0,−vz, vy) 0
y-polar γ2γ5 − triplet: d = (vz, 0,−vx) 0
z-polar γ3γ5 − triplet: d = (−vy, vx, 0) 1
All the converted gap functions are listed in Table I. As an example exhibited in Table I, the pseudo
scalar gap function is equivalent to the spin-triplet gap function ˆ∆eff whose d-vector rotates in mo-
mentum space in the bulk superconductor (d = (vx, vy, vz)). Here, v denotes the velocity. On the other
hand, we should note that the effective surface gap function originated from the pseudo scalar gap
function ∆sur is zero as shown in Table I, since the off-diagonal term with the pseudo-scalar gap
function is converted as ∫ ∞
0
dzuNc (r, kF⊥)†γ0∆−uN(r, kF⊥) f = 0. (27)
This shows that the normal-state surface bound states written as Eq. (13) are robust against the
pseudo-scalar gap functions because the gap can not open as shown in Fig. (1). We should note
that even the surface bound states with the six-fold symmetry expressed as Eq. (18) are robust, since
the off-diagonal term with the wave function uNtri(kx, ky, r, E′) becomes zero.
5. Discussion
We discuss the reason why the surface bound states do not open the superconducting gap due
to the odd-parity gap functions. We note that the spin rotates on the Fermi surface originated from
the surface bound states in the normal states expressed as Eq. (13), which is well known as ”spin-
momentum locking” [5]. The spin of the quasiparticle with the momentum kF is anti-parallel to that
with the momentum −kF as shown in Fig. 2. Therefore, the Cooper pairs with parallel spins such as
the spin-triplet superconductivity can not form on this spin-momentum locking Fermi surface. The
odd-parity gap functions can not open on the Dirac-cone-dispersion band in the Cu-doped Bi2Se3
superconductor as shown in Fig. (1). This indicates that there are the robust Dirac-type surface states
expressed as Eq. (13) and the robust Majorana surface states due to the odd-parity superconductiv-
ity. Inhomogeneity effects due to the interaction between the Dirac quasiparticles and the Majorana
quasiparticles on the surface of the topological superconductor can be treated by out quasiclassical
treatment.
6. Conclusion
We constructed a surface two-dimensional quasiclassical theory which consists of the normal-
state surface bound states. These surface bound states do not open the superconducting gap due to the
odd-parity gap functions, since the Cooper pairs with parallel spins such as the spin-triplet supercon-
ductivity can not form on this spin-momentum locking Fermi surface. We showed that the massless
Dirac quasiparticles originated from the normal-state topological invariant and the Majorana quasi-
particles are coexist on the surface in the odd-parity topological superconductivity. Inhomogeneity
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Fig. 2. Schematic diagram of the spin-momentum locking on the Fermi surface.
effects due to the interaction between the Dirac quasiparticles and the Majorana quasiparticles on the
surface of the topological superconductor can be treated by out quasiclassical treatment.
Acknowledgment
The authors would like to acknowledge Yukihiro Ota and for helpful discussions and comments.
This study has been supported by Grants-in-Aid for Scientific Research from MEXT of Japan.
References
[1] B. A. Bernevig, T. L. Hughes, and S.-C. Zhang: Science 314 (2006) 1757.
[2] Y. L. Chen, Z. K. Liu, J. G. Analytis, J.-H. Chu, H. J. Zhang, B. H. Yan, S.-K. Mo, R. G. Moore, D. H. Lu,
I. R. Fisher, S. C. Zhang, Z. Hussain, and Z.-X. Shen: Phys. Rev. Lett. 105 (2010) 266401.
[3] L. Fu and C. L. Kane: Phys. Rev. B 76 (2007) 045302.
[4] L. Fu, C. L. Kane, and E. J. Mele: Phys. Rev. Lett. 98 (2007) 106803.
[5] M. Z. Hasan and C. L. Kane: Rev. Mod. Phys. 82 (2010) 3045, and references therein.
[6] C. L. Kane and E. J. Mele: Phys. Rev. Lett. 95 (2005) 146802.
[7] M. Ko¨nig, S. Wiedmann, C. Bru¨ne, A. Roth, H. Buhmann, L. W. Molenkamp, X.-L. Qi, and S.-C. Zhang:
Science 318 (2007) 766.
[8] K. Kuroda, M. Ye, A. Kimura, S. V. Eremeev, E. E. Krasovskii, E. V. Chulkov, Y. Ueda, K. Miyamoto,
T. Okuda, K. Shimada, H. Namatame, and M. Taniguchi: Phys. Rev. Lett. 105 (2010) 146801.
[9] J. E. Moore and L. Balents: Phys. Rev. B 75 (2007) 121306.
[10] A. Nishide, A. A. Taskin, Y. Takeichi, T. Okuda, A. Kakizaki, T. Hirahara, K. Nakatsuji, F. Komori,
Y. Ando, and I. Matsuda: Phys. Rev. B 81 (2010) 041309.
[11] T. Sato, K. Segawa, H. Guo, K. Sugawara, S. Souma, T. Takahashi, and Y. Ando: Phys. Rev. Lett. 105
(2010) 136802.
[12] Y. Nagai, H. Nakamura, and M. Machida: arXiv:1305.3025.
[13] S. Sasaki, M. Kriener, K. Segawa, K. Yada, Y. Tanaka, M. Sato, and Y. Ando: Phys. Rev. Lett. 107 (2011)
217001.
[14] T. Kirzhner, E. Lahoud, K. B. Chaska, Z. Salman, and A. Kanigel: Phys. Rev. B 86 (2012) 064517.
[15] L. Fu and E. Berg: Phys. Rev. Lett. 105 (2010) 097001.
[16] L. Hao and T. K. Lee: Phys. Rev. B 83 (2011) 134516.
[17] Y. Nagai, H. Nakamura, and M. Machida: Phys. Rev. B 86 (2012) 094507.
[18] Y. Nagai, H. Nakamura, and M. Machida: arXiv:1211.0125.
[19] G. E. Volovik: Pisma Zh.Eksp.Teor.Fiz. 70 (1999) 601; JETP Lett. 70 (1999) 609.
6
